Abstract. The kernels K n (z) in the remainder terms R n (f ) of the Gaussian quadrature formulae for analytic functions f inside elliptical contours with foci at ∓1 and a sum of semi-axes ρ > 1, when the weight function w is of Bernstein-Szegő type
Introduction
Let the weight function w be a nonnegative and integrable function on the interval (−1, 1). Consider the Gauss quadrature formula (1.1)
which is exact for all algebraic polynomials of degree at most 2n − 1. The nodes τ ν in (1.1) are zeros of the orthogonal polynomials π n with respect to the weight function w.
In this paper w is the weight function of Bernstein-Szegő type
, t ∈ (−1, 1), γ ∈ (−1, 0). (t) = 1 + t 1 − t β(β − 2α) t 2 + 2δ(β − α) t + α 2 + δ 2 , t ∈ (−1, 1), where 0 < α < β, β = 2α, |δ| < β − α, having in the denominator an arbitrary polynomial of exact degree 2 that remains positive on [−1, 1] . Namely, if we set α = 1, β = 2/(1 + γ), −1 < γ < 0, and δ = 0, (1.3) reduces to (1.2) . The weight function (1.3) has been studied extensively in [1] , and therefore the results obtained there can be specialized in the case of (1.2).
Let Γ be a simple closed curve in the complex plane surrounding the interval [−1, 1] and D = int Γ its interior. If the integrand f is analytic in D and continuous on D, then the remainder term R n (f ) in (1.1) admits the contour integral representation
The kernel is given by
where
The modulus of the kernel is symmetric with respect to the real axis, i.e., |K n (z)| = |K n (z)|.
The integral representation (1.4) leads to the error estimate (1.5)
where (Γ) is the length of the contour Γ. In order to get estimate (1.5), one has to study the magnitude of |K n (z)| on Γ. In many papers error bounds of |R n (f )|, where f is an analytic function, are considered. Two choices of the contour Γ have been widely used:
• a circle C r with a center at the origin and a radius r (> 1), i.e., C r = {z | |z| = r}, r > 1 (cf. [2] , [5] , [6] ), and • an ellipse E ρ with foci at the points ∓1 and a sum of semi-axes ρ > 1,
When ρ → 1 the ellipse shrinks to the interval [−1, 1], while with increasing ρ it becomes more and more circle-like. The advantage of the elliptical contours, compared to the circular ones, is that such a choice needs the analyticity of f in a smaller region of the complex plane, especially when ρ is near 1. In this paper we take Γ to be the ellipse E ρ , then (1.5) has the form (1.7)
Since the ellipse E ρ has length (E ρ ) = 4ε −1 E(ε), where ε is the eccentricity of E ρ , i.e., ε = 2/(ρ + ρ −1 ), and E(ε) = π/2 0 1 − ε 2 sin 2 θ dθ is the complete elliptic integral of the second kind, the estimate (1.7) reduces to
where f ρ = max z∈E ρ |f (z)|. As we can see, the bound on the right-hand side in (1.8) is a function of ρ, so it can be optimized with respect to ρ > 1.
The derivation of adequate bounds for |R n (f )| on the basis of (1.8) is possible only if good estimates for max z∈E ρ |K n (z)| are available. Especially useful is knowledge of the location of the extremal point η ∈ E ρ , at which |K n | attains its maximum. In such a case, instead of looking for upper bounds for max z∈E ρ |K n (z)|, one can simply try to calculate |K n (η, w)|. In general, this may not be an easy task, but in the case the Gauss-type quadrature formula (1.1) there exist effective algorithms for calculation of K n (z) at any point z outside [−1, 1] (see Gautschi and Varga [2] ). For a different approach to the estimation of R n (f ), see [4] .
So far the approach (1.8) was discussed for Gaussian quadrature rules (1.1) with respect to the Chebyshev weight functions (see [2] , [3] )
and later was extended by Schira to symmetric weight functions under restriction of monotonicity type (either w(t) √ 1 − t 2 is increasing on (0, 1) or w(t)/ √ 1 − t 2 is decreasing on (0, 1)), including certain Gegenbauer weight functions (see [8] ).
Recently (see [9] ), with respect to the rational modification of the Chebyshev weight function of the second kind, i.e., the weight function of Bernstein-Szegő type
we found sufficient conditions ensuring that there exists a ρ * = ρ * n = ρ * n,γ such that for each ρ ≥ ρ * the kernel K n attains its maximal absolute value at the intersection point of the ellipse with the imaginary axis. For this specialized case, we obtained much smaller values for ρ = ρ * n than ones obtained by Schira (except for γ close to 0 and n even), especially for large values of n. Observe that the weight function w (1/2) γ (t) belongs to the class considered by Schira [8] 
In [10] the same problem with respect to the weight function
has been considered. With respect to this symmetric weight function of BernsteinSzegő type, sufficient conditions are found ensuring that there exists a ρ * = ρ * n = ρ * n,γ such that for each ρ ≥ ρ * the kernel K n attains its maximal absolute value at the intersection point of the ellipse with either the real or the imaginary axis. The corresponding analysis is much more complicated than the one in [9] . Finally, observe that this weight function does not belong to the class of those considered by Schira [8] .
This paper is a continuation of the previous two [9] , [10] , as this methodology works well in the cases when the modulus of kernels have rather complicated forms.
With respect to the weight function of Bernstein-Szegő type (1.2), which is not symmetric and therefore does not belong to the class of those considered by Schira [8] , sufficient conditions are found ensuring that there exists a ρ * = ρ * n = ρ * n,γ such that for each ρ ≥ ρ * the kernel K n attains its maximal absolute value at the intersection point of the ellipse with the positive real semi-axis. In an analogous way (using the substitution t := −t) a similar analysis could be derived with respect to the weight function of Bernstein-Szegő type
Finally, let us note that in this paper we round off this problem with respect to the corresponding rational modification (of Bernstein-Szegő type) of all 4 classical Chebyshev weight functions.
2.
Maximum of the modulus of kernels of Gaussian quadrature formulae with the weight functions w
The corresponding (monic) orthogonal polynomial π n (t) of the degree n has the form (see [5] ):
where V n (n ≥ 2) denotes the Chebyshev polynomial of the third kind.
As usual we use the substitution
Using the well-known facts (cf. [2] )
on the basis of direct calculation, for n ≥ 2 the kernel can be expressed in the following way:
and for n = 1,
From here on, we use the usual notation (see, for example, [2] ):
Using (2.3), and on the basis of
we obtain (for n ≥ 2)
Similarly, by using some of the formulas above and
for n = 1 we have
From here on, we analyze in details the much more important case n ≥ 2, whereas the case n = 1 will be mentioned in short.
Numerical results show that K
(z) , z ∈ E ρ , attains its maximum on the positive real semi-axis for ρ large enough (n, γ are fixed). The graphs θ → K (−1/2,1/2) 9,−0.99 (z) , z ∈ E ρ , for ρ = 1.7 (left) and ρ = 3.5 (right), are displayed in Figure 1 .
Further on we will use the fact that (2.6) 
is equivalent to
Theorem 2.1. For the Gauss quadrature formula (1.1) with the weight function
(z) attains its maximum on the real axis (positive real semi-axis (θ = 0)), i.e.,
Proof. The assertion of the theorem holds if (2.8)
holds for each ρ > ρ * and for θ ∈ [0, π].
According to (2.6) and (2.7) with
(2.8) reduces to the inequality which holds trivially for θ = 0 and θ = π, and for other values of θ, one may divide by 2 sin
Observe that, since
There exists ρ 0 (> 1) such that the expression on the right-hand side of the sign ≥ in the last inequality is greater than or equal to 0 for each ρ > ρ 0 , since it is equal to
Now, we conclude that (2.9) holds, if
Therefore, there exists ρ * (> ρ 0 ) such that the expression on the right-hand side of the sign ≥ in the last inequality is greater than or equal to 0 for each ρ > ρ * , since it is equal to
From the practical point of view, in the Appendix we present effective methods in finding intervals [ρ * , ∞) so that ρ * is as small as possible, and so that the kernel
attains its maximum absolute value at the intersection point of the ellipse E ρ (ρ ∈ [ρ * , ∞)) with the positive real semi-axis. In the case that n = 1 holds, the following theorem, whose proof is similar to that of Theorem 2.1, will be omitted. 
for γ ∈ (−1, 0).
Numerical results
The values of ρ * = ρ * n which appear in Theorem 2.1 depend on γ, i.e., ρ * n = ρ * n (γ). The results obtained by our method show that the values ρ * n = ρ * n (γ)(> 1), γ ∈ (−1, 0), become very close to 1 for large values of n and γ close to 0, and should provide the very effective error bounds of type (1.7). The disadvantage of the error bounds of type (1.7) might appear in the case when ρ * n = ρ * n (γ) is not close to 1. Analogously, as in [9] , [10] , let us consider numerical calculation of the integral
Under the assumption that f is analytic inside E ρ max , from (1.7) we obtain the error bound
and ρ * n is defined by Theorem 2.1. The length of the ellipse E ρ is estimated by (see [7, Eq. (2.2)])
The classical error bound in this case is difficult to determine, since the derivatives f (2n) (t) for higher values of n are too complicated to be handled. However, we can use the error bound (3.2) based on the results of Theorem 2.1, if ρ * < ρ max . One can prove that (see [9] )
where the maximum is attained at θ = 0.
On the basis of the obtained results,ẽ n (f ), in the case γ ∈ (−1, 0), n ≥ 2, can be bounded bỹ
The error bound (3.2) is valid for integrands analytic in a neighborhood of the interval of integration and should be compared with other error bounds intended for the same class of integrands. There are several classical error bounds for Gaussian quadrature rules of analytic functions. See Theorem 4 in [11] or Theorem 1 in [12] , where the contour Γ is the ellipse E ρ given by (1.6). We also take into account the error bounds appearing in [5] , where the contour Γ is the circumference C r = {z ∈ C : |z| = r} (r > 1). Therefore, the error boundê n (f ) (|R n (f )| ≤ê n (f )) of the Gauss quadrature formula (1.1) with respect to the weight function (1.2), for the integrand f under consideration, can be given by (see Stenger which means that ρ max = 24 (numbers in parentheses indicate decimal exponents). We have calculated the values ofê
(f ), e n (f ) for the corresponding integral I(f ) given by (3.1). The results show the effectiveness of the error bound (3.2) compared to the error bounds given byê
For some values of γ and n = 9, 29, the obtained results are displayed in Table 1 .
In the end, let us consider numerical calculation of the integral (3.1), with f (t) =f (t) = e e cos(ωt) (ω > 0).
The functionf (z) = e e cos(ωz)
is entire, and it is easy to see that (see also [10] ,
. The last maximums are attained on the imaginary axis.
For some values of γ, the obtained results ofê
(f ), e 29 (f ) are displayed in Table 2 , for ω = 0.1 (left) and ω = 1.2 (right), and in Table 3 , for ω = 1.5 (left) and ω = 1.8 (right). 
(f ), e n (f ) for some γ ∈ (−1, 0), in the cases n = 9 (left) and n = 29 (right).
(f ) e 9 (f )ê Observe that when the integrand, as in this casef , becomes a more oscillating function, then the error boundsê (f ), e 99 (f ) for ω = 2.2, which are displayed in Table 4 . 
Appendix
We transform (2.4) to (n ≥ 2) and get
and then looking for sufficient conditions ensuring that the
, namely
, attains its maximal value at θ = 0.
First, let us consider when
attains its maximal value at θ = 0, i.e., when
The last inequality holds if
The last inequality holds trivially for θ = 0. After dividing by 2 sin 2 (θ/2) (θ ∈ (0, π]) it reduces to the inequality which holds if
We have used that, for the function
it can be easily shown that
Since F d (ρ) is continuous on R and lim ρ→+∞ F d (ρ) = +∞ (when n, γ are fixed), it follows that there exists ρ * Figure 5 (left). For some values of n and γ ∈ (−1, 0) , the values of ρ * d are displayed in Tables 5  and 6 . Table 5 ρ Table 6 ρ * For some values of γ (∈ (−1, 0)), n, it is possible to obtain smaller values of ρ * d . Therefore, we are again interested in the answer to the question of when
attains its maximal value at θ = 0, i.e., when (
this question reduces to:
The last inequality trivially holds for θ = 0. After dividing by 2 sin 2 (θ/2), θ ∈ (0, π] it reduces to the inequality, which holds if
Since For some values n, γ (γ ∈ (−1, 0) ) the values of ρ * d are displayed in attains its maximal value at θ = 0, i.e., when (4.1) Table 7 ρ For θ ∈ [0, π/2] it holds that 
attains its maximum on the interval [0, π/2] at θ = 0. This holds, if (by using the above notation and G = ρ + 1 (> 0),
The last inequality trivially holds for θ = 0. After dividing by 2 sin 2 (θ/2) (θ ∈ (0, π/2]) it reduces to the inequality, which by the substitution cos θ = x (x ∈ [0, 1)) obtains the form
Further, we have
,
Sinceā 3 > 0, we conclude that the polynomial ϕ (x) has at least one real zero x 0 . In the case when the discriminant D of ϕ (x) = 0 is negative, then ϕ (x) strongly increases on R, and x 0 is its unique real zero (in which ϕ(x) attains its minimum). In that case we consider the function
and conclude that (4.2) holds, if
Now, we are interested in the case when the discriminant D of ϕ (x) = 0 is negative. We have D = 4ā
where For some values γ (γ ∈ (−1, 0) ) the values ofρ are displayed in Table 8 . For finding the zero x 0 of ϕ (x) = 0, i.e., of Since F l (ρ), in (4.3), is continuous on R and lim ρ→+∞ F l (ρ) = +∞ (when γ is fixed), it follows that there exists ρ * l = ρ * l (γ) such that for each ρ > ρ * l , where ρ * l is the largest zero of F l (ρ), F l (ρ) is positive. We also take ρ * l to be greater than or equal to the corresponding value ofρ.
Let, for instance, γ = −0.99, ρ ∈ [1.532, 2.9]. The function q 2 /4 + p 3 /27 is positive (see Figure 3 (left) ) and the square root of it is defined; the function −q/2+ q 2 /4 + p 3 /27 is positive (see Figure 4 (left)), the function −q/2 − q 2 /4 + p 3 /27 is negative (see Figure 4 (right)). Therefore, Figure 3 (right).
Observe that x 0 ∈ [0, 1]. The typical graph of the function F l (ρ) is displayed in Figure 5 (right). For some values of γ ∈ (−1, 0), the values of ρ * l are displayed in Table 9 (−1, 0) ) the values of ρ * are displayed in Tables 10 and 11 . Table 11 ρ 
